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A FORTRAN III (IBM 7090) PROGRAM FOR
THE CALCULATION OF ELECTRON WAVE FUNCTIONS FOR THE SODIUM ION

PURPOSEs Determination of the radial part of the wave functions for the
electrons in the 1-s, 2-s and 2-p shells of the sodium ion.
The Hartree-Fook equations are used for this in a simplified
form, so that one deals with three uncoupled eigenvalue equations.
The theory and the application of the results will be discussed
in NOLTR 63-32.

METHOD:

A. Mathematical

The following equations are solved for the eigenvalues ci' -3

and the eigenfunctions P(l,r), P(2,r), P(3,r)

11 + ý[y(r)+y,(1,1,r)] - el Plr
dr P2~r r 0

J12 + 2[y(r)+yo(2,2,r)] - E2  P(2,r) = 0

dr2 + 2[y(r)+yv(3,3,r) + Y2 (3,3,r)] - P(3,r) 0

where y(r) = 11 - 2y 0 (1,1,r) - 2yo(2,2,r) - 6Yo(3,3,r)

00

and Yk(n,m,r) o/(Pr)k P(n,p)P(m,p)dp + / P(np)P(mp)dp

0 r

with the boundary conditions:

r-4 0 P(1,r),- r P(2,r), r P(3,r) ,r2

-6 • r
r-.oo P(n,r) , e n cc

and the normalization condition / F2(n,p)dp =1

0

The solutions are obtained by iteration: Starting with a first guess

for el,e 2 )e 3  and P(l,r),P(2,r),P(3,r)

1) y(r) and Yk(n~m,r) are calculated
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2) Then new P(n,r) are calculated by integrating the differen-

tial equations from r = 0 outwards. This is repeated

adjusting En until the absolute value of P(n,r) is a

minimum at an arbitrarily chosen, fixed, large r-value. The

changes in en are effected as long as they are larger than

the required eigenvalue accuracy TE.

3) With the new eigenvalues El, 2,3 and the pertaining new

eigenfunctions P(l,r), P(2,r) P(3,r) the calculations are

started again in 1).

00

This is repeated until J (Pold-Pnew) 2dr L TT, the prescribed

wavefunction accuracy. 0

Numerical Remarks:

1) Since the differential equations do not contain the first

derivative, Numerovts integration procedure is used: If the D.E.

is f"(r) = a(r). f(r) + b(r) one can, using 62fj=(Ar)2[fl+•2 2f"]
and fJ+l = 2fj - fJ-i + 6 2 f" derive

f -[2+ --() 2"I0"a ] + f C-I + - + 2a +(r) 2[0 b +b blb
f = 12 (L 1r)21

1 12 aj+l

2) The preceding formula shows that the numerical procedure is

simplified if the values of the independent variable r are

equidistant. On the other hand the accuracy is better if --
r

constant. Therefore as a compromise the f-range is subdivided

into several sets and in each of these sets, the r-values are

equidistant.
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3) Since the eigenvalues can be determined numerically only

within a certain accuracy, the pertaining wave functions do

not decrease exponentially for increasing r, but their

absolute values go through a minimum and increase then exponen-

tially. Therefore the final wave functions are obtained by

integrating the differential equations, using the final eigen-

values e , from r = 0 outward and from large r-values inward.

The outward and the inward solutions are then matched at some

point, which can be prescribed.

4) Since P(3,r) enters in y(r) with the coefficient 6, P(l,r)

and P(2,r) however only with the coefficient r , the iteration

procedure is speeded up by determining first P(3,r).

B. Programming

Input: in the following order

1) JF

Format (13) , restriction JF & 20 , 1 card

JF is the number of sets into which the range of the independent

variable r is divided. Each of these sets is once more sub-

divided into equally spaced intervals. The endpoints of these

intervals are the values of r used in the program and calculated

by the program in the subroutine Radius.

2) NF(J) XF(J)

Format (M4, E14.6) , restriction: NF(JS(L)) ýt 6 , J = 1,...JF,JF cards

NF(J) is the number of intervals into which the Jth set is sub-

divided.

XF(J) is the right endpoint of the Jth set

-3-
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3) JS(L)

Format (313) , L = 1,...3 , 1 card

JS(L) is the number of the r-set in which the backward and

the forward integrated solution for the Lth wave function

will be matched.

4) TE TT E(l) E(2) E(3)

Format (5E14.6) 1 card

TE is permissible absolute error for eigenvalues.

TT is permissible sum of squared deviations of wave functions

E(L) is the (guess of the) Lth eigenvalue.

5) P(L,N)

Format (3E14.6) , L = i,...3, N = I,...NFF

Restriction NFF< 1000 , NFF cards

P(L,N) is the Nth value of the guessed Lth wave function.

NFF is the total number of R-points and will be calculated

in Radius.

6) DATE

Format (2A5) 1 card

Output: in the following order

1) Each time the calculated eigenvalue E(L) differs from the

previous value of E(L) by an amount smaller than TE there will

be printed:

a) P(L,N) PB(N)

Format (2E18.9) , N = 1,NFF

P(L,N) is the Nth value of the Lth wave function obtained by

forward integration.

PB(N) is the Nth value of the Lth wave function.obtained

by backward integration.

-4-
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b) E(L)

Format (E18.9)

E(L) the calculated Lth eigenvalue

2) At the end of the complete calculation will be printed:

a) DATE

Format (2A5)

b) E(L)

Format (3E14.9) , 1, = 1,3

E(L) the final values of the eigenvalues

c) TE, TT

Format (2E14.6)

TE is the permissible absolute error for eigenvalues

TT is the permissible sum of squared deviation of wave

functions.

d) R(N) P(l,N) P(2,N) P(3,N) Z(N) ZNL(1,N) ZNL(2,N)

ZNL(3,N)

Format (8E14.6) , N = I,NFF

R(N) is the Nth value of the independent variable r

P(L,N) is the Nth value of the final Lth wave function

Z(N) is the Nth value of the sodium ion potential

ZNL(L,N) is the Nth value of the potential for the Lth wave

function

PROGRAM FORM:

A. Type of Code FORTRAN 7090

B. Type of Monitor BELL

C. Number of Tape Units required (other than System Tapes): None

-5-
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CODING INFORMATION:

A. Storage Required

1. Regular: 3894 (Total)

2. Common: 19037 (Total)

B. Accuracy:

TE - The accuracy to which the eigenvalues are to be calculated

can be prescribed.

TT - The sum of squared deviations of iterated wave functions

can be prescribed.

C. Timing:

It takes about 7 minutes to calculate 70 values for each of the

three wave functions, when the prescribed accuracy of the eigen-

values is TE = lO-3 and the prescribed sum of squared deviations

of iterated wave functions is TT = l-20

D. Additional Subroutines Required:

This program uses only subroutines on the library tape and sub-

routines incorporated in this program. In fact this program has

been split into the following subroutines:

1) Main Hartree Storage 217 + Common is the Main program.

2) Subroutine BINT(L) Storage 304 + Common. It calculates the

Lth wave function by integrating backwards from large r values

to small ones

3) Subroutine EIGEN(L) Storage 283 + Common. It determines the

Lth eigenvalue.

4) Subroutine FINT(L) Storage 390 + Common. It calculates the

Lth wave function by integrating forward.

-6-
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5) Subroutine OUTPUT Storage 182 + Common. Prints the

final results.

6) Subroutine PRINT(L) Storage 41 + Common. Prints for the

I th wave function the values obtained by forward integra-

tion as well as the values obtained by backward integra-

tion. It also prints the Lth eigenvalue.

7) Subroutine RADIUS Storage 59 + Conmon. Divides the r-range

into several sets and covers each of these sets by equi-

distant points.

8) Subroutine RINT(U) Storage 137 + Common. Dimension U(1O00)

calculates the integral of a function defined on the points

calculated in Radius. U are the values of the integral,

the function itself is transmitted through Common.

9) Subroutine SSRL(L) Storage 244 + Common. Calculates certain

integrals of the Lth wave function

10) Subroutine TEST Storage 153 + Common. Tests whether the

calculated wave functions fulfill the required accuracy.

11) Function YB(A,D,L) Storage 128 + Common

Dimension A(1O), D(2)

Is a backward interpolation for A, to get from one set of

equidistant r-values into the preceding one.

12) Function YF(A,D,I) Storage 81 + Common.

Dimension A(7), D(2)

Is a forward interpolation for A, to get from one set of

equidistant r-values into the following one.

-7-
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13) Subroutine Y2(P2) Storage 1088 + Common

Dimension P2(.000)

Calculates some integrals of the wave functions.

14) Subroutine ZPI Storage 101 + Common. Calculates the

potentials for the wave functions.

USE:

The determination of these wave functions was undertaken in connection

with a sodium-arc-tunnel project. With their aid cross-sections,

transition-probabilities, line strength and line profiles can be cal-

culated. This in turn can be used for interpretation of experimental

data.

SPECIAL FEATURES: None

RESTRICTIONS:

A. Error Comments and Stops:

The program calls ENDJOB if

a) NFF > 1000 where NFF is the number of values of a single wave

function.

b) NF(JS(L)) < 6 where NF(JS(L)) is the number of equidistant

points in the r-range in which the forward and backward in-

tegrated solution of the Lth wave function are matched.

B. Range of Parameters:

a) NFF < 1000 where NFF is the number of points of a single wave

function.

b) JF < 20 JF is the number of sets into which the r-range is

divided. Each of these ranges is again subdivided into equal

intervals.

-8-



NOLTR 63-31

APPENDIX A

Listing of Program

FOR
C MAIN HARTREE

COMMON JFNFXFDXNFF ,TET1f E.P.PF.RSRRZ ZNLPB ,JS, S
DIMENSION NF(20),XF(2O),DX(20),E(3),P(3,1000),PF(3,1000) ,R(1000),
1S(3,1000),RR(3,10O0),Z(1000)tZNL(3,1000)sPB(1000),,JS(3),IS(3)

10 READ 1000#JF
20 READ 10019(NF(J)oXF(J)tJxl#JF)
21 READ 1003s(JS(L)9L=193)
22 00 28 Ls193
23 JSS=JS(L)
24 IF(6-NF(JSSH)25,'.5ol80

25 IS(L)zl+NF(JSS)/2
26 JS1*JSS-1
27 D0 28 Jxl*JS1
28 IS(L )IS(L )+NF(J)
30 NFFul
40 DO 50 Ju1,JF
50 NFF=NFF+NF(J)
60 IF(NFF-1000) 70#70s180
70 READ l002tTE#TT#E(l)gE(2)oE(3)#((P(LPN)#L=193) *NxloNFF)
80 CALL RADIUS
90 DO 120 Lslo3

100 CALL SSRL(L)
105 Xx SQRTF(S(L#NFF))
110 DO 120 NwlsNFF
120 P(tLN)uP (L ,N) /X
130 CALL TEST
140 CALL ZPI
150 DO 160 L*193
160 CALL EIGEN(L)
170 GO TO 90

1000 FORMAT (13)
1001 FORMAT (14oE14*6)
1002 FORMAT (5El4e6/(3El4.6))
1003 FORMAT (313)
180 CALL SYSTEM

END
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FOR
SUBROUTINE BINT(L)
COMMON JFNFXFDXNFFTETTE.P.PF .RSRRZ ,ZNL.PB.JS.IS
DIMENSION NF(20).XF(20),DX(2Ob*E(3).P(391000) ,PF(3.1000),R(1000),
15(3910O00hRR(3,1O0),Z(10O0),ZNL(3,1000),PB(1OO0OJJS(3).IS(3)

20 Bu*000000001
30 W=DX(JF)**2/12*
40 C-( ZNL (L ,NFF- ) +E( L) )*DX( JF )**2 -

50 X=C,2.+50RTF(C*(1.+C/2*))
60 PB(NFF)tB/(.*+Xl
70 PB(NFF-1)zB
80 NAxNFF
90 JA=JF-JS(L)+l

100 DO 190 Ka1,JA
110 J*JF+1-K
120 NFlaNF(J)-1
130 DO 150 NMslNF1
140 N*NA-1-M
150 PB(N)u(PB(N+1 )*(2.+W*(ZNLtLN+1)+E(L) )*10*

1 )+PB(N+2)*(W*(ZNL(L#N+2)4.E(
2L) )-1 ) )/(1.-W*(ZNL(LN)+E(L))

160 NA=NA-NF(.J)
170 M=NA-1
180 W*DX(J-1)**2/12t
190 PB(M)=(PB(M+1)*(2.+W*(ZNL(LM+1)+E(L) )*10*

1 )+YF(PB(M+1) ,DX(J-1 ) 1)*(W*

RETURN
END
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FOR
SUBROUTINE EIGEN(L)
COMMON JFNFXF.DXNFFTETT ,EPPFRSRRZZNLPB.JSIS
DIMENSION NF(2O),XF(2O),DX(2O),E(3) ,P(3,1000) ePF(3.1000ktR(1000),

IS(391OOO),RR(3,100O),Z(1000),ZNL(3,1OO0),PB(1OO0),JS(3),IS(3)
10 CALL FINT(L)
20 EL=E(L)
30 AL=P(L#NFF)
40 E(L)*EL+#001
S0 CALL FINT(L)
60 IF(SIGNF(1.,AL)*P(LoNFF)) 70s70,110
70 EU=EL
80 AUmAL
90 GO TO 210
110 IF(P(L#NFF)) 12092809130
120 IF(AL-P(LoNFF)) 20#20#140
130 IF(AL-P(LoNFF)) 140,20,20
140 E(L)xEL-*001
150 GO TO 50
160 EO*E(L)
170 E(L)x(AU*EL-AL*EU)/(AU-AL)
180 DE sABSF(EO-E(L))
190 IF(DE-TE) 280,200,200
200 CALL FINT(L)
210 IF(P(LoNFF)) 220o280,250
220 AL*P(LNFF)
230 EL=E(L)
240 GO TO 160
250 AUwPlL9NFF)
260 EUzE(L)
270 GO TO 160
280 CALL 8!NT(L)
290 !SSwIS(L)
300 X=P(LoISS)/PB(ISS)
310 DO 320 NxISS#NFF
320 P(LN)zPB(N)*X
330 CALL SSRL(L)
340 WMSQRTF(S(L#NFF))
350 DO 360 NxlvNFF
360 P(LN)xP(L*N)/W
370 CALL ZPI
380 CALL PRINT(L)
390 IF(ABSF(,A-ECL))-TE) 420#4009400
400 AwE(L)
410 GO TO 10
420 RETURN

END
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FOR
SUBROUTINE FINT(L)
COMMON JFNFXF.DX.NFF.TE.TT ,EPPFRSRRZZNL#PBJSIS
DIMENSION NF(20).XF(20) .DX(201,E(3) *P(391000),PF(3.10O0),R(1000),

1S(3,1000).RR(3,1000),Z(1000),ZNL(391000),PB(1000)oJS(3),IS(3)
10 FIRSTF(X)zX**(B+16)*tlo.X *11*/(10+B)+X **2/(6*+4.*B)*( (2o-Bl*

20 BuFLOATF(L/3)
30 W=DX(1)**2/12*
40 V=4.*(RR(lNFF)/S( 1,NFF)+RR(2,NFF)/S(2,NFF).3.*RRC3,NFF)/S(3,NFF)

I)-2**RR(L*NFP)/S(L,oNFF)-E(L)
60 P(Ltl)uO*
80 P(Lt2)xFIRSTF(R(2))
100 P(L,3)=FIRSTFCR(3))
110 Ksl
120 KAx3
130 DO 210 JxloJF
140 M=K+KA
150 KNK+NF(J)
160 DO 170 N=M*K
170 P(LN)a(P(LN-1)*(2.+W*(ZNL(LN-1)+E(L) )*0* )+ P(LtN-2 )*(W*(ZNL

1 (L.N-2 )+E(L) )-1.))/ (1.-W*(ZNL(LN)+E(L))
180 IF(J-JF) 190,210,190
190 W=DX(J+1)**2/12*
200 P(LK+1)u(P(LK)*(2.+W*(ZNL(LK)+E(L) )*10*)+YB(P(LK-3),DX(J),3)*C

1W*(YB(ZNL(LK-3 ) DX (J).3 )+E( L) h-i.)) /(1-W*(ZNL(LK+1 )+E(L)))
210 KA-2
220 RETURN

END
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FOR
SUBROUTINE OUTPUT
COMMON JF.NF.XF.DX.NFF.TE.TT.E.PPF.R,.SRR.Z.ZNL
DIMENSION NF(20) ,XF(2O).DX(2O0),EC3).P(391OO0),PF(3,10O0) .R(1000).
iS (3 , 1000 ) RR( 3,1000) ,-11000) #ZNL( 3, 1000

10 READ 10009D10D2
20 PRINT1001.D1.D2,E(i ) E(2) ,E(3),TE.TT.R(l) oP(1,1).P(2.1).P(3.1).

1Z(1).ZNL(1,1)tZNL(2,1),ZNL(391)
30 Mini
40 DO 70 JxloJF
50 K=M+l
60 MuM+NF(J)
70 PRINT 1002.(R(N)oP( 1,N),P(2.N),P(3.N),Z(N),ZNL(1.N) ,ZNL(2,N) .ZNL
1 (1*N),N*K#M)

90 CALL ENDJOB
1000 FORMAT (2AS)
1001 FORMAT (1H1.;36Xo47HWAVE FUNCTIONS FOR SODIUM ION BY HARTREE METHOD

1//55X,2A5////17X,3HElxEl4.9,17X,3HE2=El4.9,17X,3HE33El4e9/
2 25H ACCURACY OF EIGENVALUEsE14.6,40X,26HACCURACY OF WA
3VEFUNCTIONSuE14.fi///3H R13X,6HPIS(R),8X,6HP2S(R) .8X,6HP2P(R),8X.4
4HZ( R) ,11X.6HZ1S(R) .8X.6HZ2S( R) ,8X.6HZ2P(R )//8E14.6)

* 1002 FORMAT (1H /(8El4o6))
1003 FORMAT (3E14#6)

END
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FOR
SUBROUTINE PRINTIL)
COMMON JFNFXF.OX.NFF.TE.TT ,EP.P~,RSRRZ.ZNLPBJSIS
DIMENSION NF(2O).XF(2O),DX(2O0 ,E(3) ,P(3#1OOO).PF(3.1O00) .R(1000).
15(3910OO)tRR(3,1OOO),Z(1OOO)sZNL(3,1OOO),PB(1OOO),JS(3),IS43)

10 PRINT 1000 9(P(L#N),*PB(N),Nal*NFF)#E(L)
20 RETURN

1000 FORMAT C2E18*9)
END

-14'-
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FOR
SUBROUTINE RADIUS
COMMON ,JF.NFXFDX.NFFTETT. E.PoPFRSRRsZ ZNL
DIMENSION NF(20).XF(20),DX(20).E(3),P(391000),PF(3,1000) ,RUOOO),
1S(3,1000).RR(3,1000),Z(1000ktZNL(3sl000)

10 Kul
20 AwOa
30 Rll)*0.
40 D0 100 Jw1,JF
50 M*K+1
60 KOK+NFIJ)
70 AoXF(J)-A
80 DX(J~wA/FLOATFfNF(J))

AuXF(J)
90 DO 100 NuMoK
100 R(N)=R(N-1)+DX(J)
110 RETURN

END
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FOR
SUBROUTINE RINT(U)
COMMON JFNFXFOXNFFTETTEP.PF*R,5,RRZZNLsPBJSZS
1 ,X1
DIMENSION NF(20) ,XF(20).DX(20) .E(3) ,P(3.iOO0),PF(3.lOO0)hR(1000?e

1S(3,1000).RR(3*1000),Z(1000),ZNL(3,1000)SPB(1000),JS(3),!S(3)
2 ,U( 1000) ,X1(1000)
AxDX(1) /12.
X1( 1)*0,
U(i 800

U(2)MAN(8**Xl(2)-Xl(3H)

DO 30 J1,*JF
Mu K.?
K'K+NF(J)
D0 20 NuMoK
8u-X1(N-2)
Cm8**XI (N-i)
0US.*X1 (N)

20 U(N)*U(N-1)4.A*IB+C+D)
IF(J-JF) 25*30*35

25 A*DX(J+1)/12#
Bx-Y8(Xl(K-3 J.OE(J) .1)
C*8#*Xi (K)
Ds5#*X1 fK.1)
U(K+1 )*U(K).A*(B4C.D)

10 CONTINUE
35 RETURN

END
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FOR
SLJBROUIINE SSRL(L)
COMMON JFNFXFODXNFPWETTEP',PFRoSoRRZ.ZNLP8,.JSIS
DIMENSION NF21X(0)D(0 (3.o10)oF310)R(1000).

IS (3oI000)oRR( 391000 1 Z 11000) sZNL 13#1000) PO 1000) J453) ,s 1(3)
10 R(1)a1.
30 S(Lol)80#
31 AwDX(l1/12*
32 Bx8.*P(Lo2)**2
55 C*-P(L,3)**2
40 S(L#2)*A*184C)
50 RR(L,1)20*
60 RRIL$2) a A*fB/R(2)+C/R(S))
70 Kal
80 D0 170 Jal#JF
90 M*K+2
100 KNK+NF(J)
110 DO 130 NsMK
111 Bu-P(L#N-2)**2
112 C*S**P(L#N-1)**2
113 DUS.*P(L#N)*02

* 120 S(L#N)OS(LN.1)+A*(B+C+Dl
130 RRLNORLNI+*BR(-)CRN1+/I)
140 IFIJ-Jf) 141.170.190

* 141 AuDX(J+1) /12,
142 8*-YB(P(LsK-3)tDX(J)p)J**2
143 Cs*8*P(LK)**2
144 D*5**P(LK+1)**2
150 S(LK+1)*SS(LKIA*IB+C*Dl
160 RILK,1)aRR(LK)+A*C8/RIK'1 )4(/ftK)+D/1R(K+1)I
170 CONTINUE
180 R(1)v0o
190 RETURN

END
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FOR
SUBROUTINE TEST
COMMON JFNFPXFL)XtNFFTE.TT.E.P.PFRSRRZZNLPBJSJS
DIMENSION NF(20) .XF(2O),DX(2O)tE43),P(3,10OO),PF(3,100O),R(1Q00)s

IS(3,1O00),RRC3,1OOO),Z(1OO0),ZNL(3,1O0),PB(1O00),JS(3),IS(3)
10 Kul
20 ToOt
30 DO 100 Ja1,JF
40 MuK+2
50 KxK+NF(J)
60 AvOo
10 DO 80 N*M#K*2
00 AwA4SQ (N-2)+49*SQ (N-11+50 IN)
90 AaAFLOATF(NF(J)-(NF(J)/2)*Z)*(-S0 (K-2148#*SQ (Kl1)+$**SQ (KI)

1/4,
100 TuT+A*DXCJ)/3,
110 IFIT-TT) 1209120#130
120 CALL OUTPUT
130 D0 150 L*1,3

140 DO 150 Nol#NFF
150 PF(L*N)91P(L*N)+PF(L*N)1)/2.

160 RETURN
END



NOLTh 63-31

FOR
FUNCTION YO(A#D*L)
DIMENSION A(1O)#D(2)

10 Be-Dt.21
20 81. 8 + Df11
30 82 o 81 + D(l)
40 8S v 82 * 011)
50 C*6,*D(1)**5
60 YBII5*A3ý1*9AI*13**3((+)B-(*+)8)/
70 RETURN

END

-19-
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FOR
FUNCTION YF(AvD#L)
DIMENSION A(7)oD(2)

10 BwA(2*L+1)-2#*A(L+1)+A(1)
20 Co-A12*L+I)+4#*A(L+1)..3**A(1)
30 XxD(1)/D(2)
40 YFx(B*X+C)*X/2*+A(l)
50 RETURN

END

-20--
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SUBROUTINE Y2(P2)
COMMON JFNF.XFDX*NFFtTE#TT ,E.PPFRSRRZoZNLPBJSIS
loxi
DIMENSION NF(20).XF(20).DX(2O)oE(3) .P43,1000).PF(3.1000) .R(1000).

lSf3,1000),RR(3.1000),Z(1000),ZNL(3,1000),PB(1000)#JS(3),IS(3)
29P2110OO)#Xl(10OO)sU(1OOO)
D0 10 N*2*NFF

10 X1(N)*(P(3,N)*R(N))**2
CALL RINT(U)
DO 20 NxsgNFF

20 Xl(N)aP(39N)**2/R(N)**5
CALL RINT(P2)
P2(1)*O.
DO 30 N*2*NFF
MNR(N)**2,

30 P2(N)uU(N)/M+H*R(N)*(P2(NFF)-P2(N))
RETURN
END

-21-
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FOR
SUBROUTINE ZPI
COMMON JFNF.XFDXNFFTE.TTEPoPFRSRRZZNLoPBJ$.ZS
DIMENSION NF(20).XF(20).DXIZO),E(3) .P(3,1000).PF(3.1000)'.f(1000),

1S(3,1000)oRR(3,1000),Z(1000),ZNL(3,1000).PB(1000).JS(3),IS(3)
10 R(1)ul,

CALL Y2(Z)
30 DO 70 N*2#NFF
31 AuY(1.N)
32 BnY(2#N)
33 C*Y(3#N)
40 EE =-l1.,2**(A+8,3o*C)
41 Da2#/R(N)
50 ZNL(1,N)aO*(EE -A)
60 ZNL12,N)aD*(EE -8)

70 ZNL(3*N)*D*(:EE -C-*4*Z (N)+1./R(N))
80 R(l)uo.
90 RETURN

END

-22-
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APPENDIX B - FLOW CHART

MAIN ROUTINE

Read: number of r-intervals,
number of points in each interval,
right endpoint of each interval,
number of interval where backward

and forward solutions are to be uatched

Ca Calculate: matching point,i

Nralize: wav fction

Atotal number of points

W oalefuncios accurants aeucin

Read: required accuracies of eigenvalues, i
required accuracies of wave function,
guessed eigenvalues, guessed wave functions•

lCalculate values of independent variablel

P ormalize wave functionsaPin

WavefuntYes s curt Wavefunctions
enoug ? Yeseigenvalues

No

Calculate coefficients in differential equationi End

SCalculate new eigenvalues and new wavefunctionsl

-23--
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BINT(L)

-Compute PB(NFF) and PB(NF-I)

C7D for all r-intervals

Do for all equispaced points in a nevl

SCompute PB(N) using PB(N+I) and PB(N+2)

according to Numerov' • procedure

IContinue

extrapolating PB forward

Con....ti ao~o
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EIGEN(L)

Integrate f o:rward

Increase eigenvalue by .001

Put AL P(LNFF)

Into ate FE;;crease sizenvalue by .001
No

No

Have Is
-- <P(LNFF)i <JA

AL and new P(LNFF) yes P(LNFF)1<1,
same sign? ? - &>I Ye.

No
Interpolate linearly to find eigenvalue

that would give P(LNFF)=O

_<iiiii 
NoIs

eigenvalue accurate integrate forward]
nough?

yes
lIntegrate backwardl

jPatch forward and backward soýlution
I

INormalizo wave function

lCalculate coefficients in differential equational

Is Yes

T 
Print 

wave 

functioný

jA--E(L)j < TE ? Return

0
ý8

E(L)

-25-
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FINT(L)

Compute P(L,l), P(L,2) and P(L,3)

Do or all r-intervals

Do for all equispaced points in an interval

ICompute P(L,N) using P(L,N-1) and P(L,?N-2)1

according to Numerov's procedure

JContinue

Initialize for next interval by
extrapolating P forward

Continuel

Return
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RADIUS

SDofor all r--interval27j

Compute the spacing DX

in an interval

CDo for all points in an interval)

11 (N) qR•-l) + DX1

-- Continue

-27-
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RINT(U)

S Set StepsiH e

Compute U(1), U(2)

Do for all r-interval

UDo for all points in interval

Compute by Sipson'- s rule the
integral U(N) of 11(N) !

C0onti nu*.o

Set Stepsize
By interpolation of XI, calculate

U for first interior point in
next interval

SContinue•

-28--
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SSR

Do for all 3 wave functions

Set Stepaize, initializel

Do for all r-intervalu

Do for all points in an interval

Calculate the integrals over
p 2 and P 2/R

IContinue

Eset S~tepsim, initii,.

IContinue

Continue

-29-
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TEST

Calculate by Simpson's rule the
square deviation between previous

and present wave function

the deviatinlagr'h n ° PrintResults

Replace previous by present
wave function

Return
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Y2(P2)

Xl(N) = P(3,N)2/R(N)

Continue

Call RINT(P2)
P2(l) =0

DO N 2,NFF

P2(N) =U(N)/R(N )2 + R(N)3 [P2(NFF) -P()

-31-
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ZPI

DOl N = 1, NFL)

B = Y(2,N)
B=Y(2,N)l
c (3, N)

Z(N) =-11.+ 2.(A + B + 3C)
ZNL(1,N) = 2(Z(N)- A)/R(N)
ZNL(2,N) = 2(Z(N) -B)4R(N)
ZI4L(3,N) = 2(Z(N) -c+1/R(N) )A(N)

Continue

R(1) =a.

(Return

-32-
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APPENDIX C

EXAMPLE:

The r-range was chosen from 0 to 10.

It was divided into 5 sets, so JF = 5.

These sets were

from 0 to 0.04 0.01 so NF(l) = 4 , XF(1) = .04

0.04 0.2 0.02 NF(2) = 8 , xF(2) = .2

0.2 0.5 0.05 NF(3) = 6 , XF(3) = .5

0.5 1.2 0.1 NF(4) = 7 , XF(4) =1.2

1.2 10 0.2 NF(5) = 44, XF(5) =10.

the forward and backward integrated solutions get matched in the interval

0.5< r < 1.2 so

Js(l) = 4 JS(2) = 4 JS(3) = 4

The permissible absolute error for the eigenvalues was chosen to be 10-4

so TE = 10-4 .

The permissible sum of squared deviations of wave functions was chosen to

be 10-3

so TT = 10-3

The guesses for the 3 eigenvalues were taken as

E(l) = 81 E(2) = 4.546948 E(3) = 3.204463

5
Since NFF = 1 + z NF(J) = 70 there follows three columns with 70 values

j=l

each for the guesses of the three wave functions.

The last input is the DATE 01-25-1962

-33-
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TRA
5
4 044
8 .2
6 .5
7 1.2

44 10.
44 4
.1 E-03 .1 E-02 81. 4.546948 3.204463

-0. '-0. -0.
0.629350E 00 0#154058E-00 0,400036E-02
0.11.2863E 01 0#274103E-00 0&140013E-01
0.151784E 01 0*36613BE-00 0*300027E-01
0*181501E 01 0.433163E-00 0.500045E-01
0*219322E 01 0*507191E 00 0.102009E-00
0.235731E 01 0*517195Eý00 0*163015E-00
0*237832E 01 0#481181E-00 0.231021E-00
0.230628E 01 0,412155E-00 00302027E-00
0#217621E 01 0*320121E-00 0*374034E-00
0*201312E 01 0.215081E-00 0*444040E-00
0,183502E 01 0*102038E-00 0*512046E 00
0.165292E 01 -09150057E-01 0.578052E 00
0.122768E 01 -0.301114E-00 0#724065E 00
0#878488E 00 -0.555209E 00 0,842076E 00
0.614341E 00 -O.763288E 00 0*933084E 00
0.422235E-00 -0*923348E 00 0@997090E 00
0#287160E-00 -0*103739E 01 0*103909E 01
0#194108E-00 -0@111242E 01 0*106110E 01
0*880489E-01 -0*116944E 01 0*106110E 01
0*400222E-01 -09113943E 01 0#102109E 01
0.180100E-01 -0*106140E 01 0.956086E 00
0*800445E-02 -0*958361E 00 0.880079E 00
09300167E-02 -0.846319E 00 0*799072E 00
0*100056E-02 -0*736278E 00 0.718065E 00

-0. -0.63223BE 00 0.640058E 00
-0. -0.455172E-00 0.501045E 00
-0. -0.319120E-00 0.385035E-00
-0. -0.220083E-00 0.292026E-00
-0., -09149056E-00 0@219020E-00
-0. -0.101038E-00 0*163015E-00
-0. -0.680257E-01 0.121011E-00
-00 -0#450170E-01 09890080E-01
-0. -0*300113E-01 0#650058E-01
-0. -0*200075E-01 0*480043E-01
-0. -0*130049E-01 0.350031E-01
-0. -0*900340E-02 0*260023E-01
-0. -0.600226E-02 0#190017E-01
-0. -0*400151E-02 0#140013E-01
-0. -0.200075E-02 0.100009E-01
-00 -Oo914625E-03 0.691489-E-02
0. -0*120045E-02 0.488044E-02

-0. -0*800305E-03 0.328030E-02
0. -09280106E-03 0#268024E-02
0. -0*596273E-10 0.2000l8E-02

-00 0. 0#1L48013E-02
Of 0. 0*120011E-02

-00 -0. 0*800072E-03
0. 0. 0#280025E-03
0. 0f 0#119220E-09
0. 0. 0.
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0. 0. 0.
0. 0. 0.
-0. -0. -0.
00 Os Ot-0. -0. "0.
-0. O0. O,.

00 OfO. 0."80 , - 0 4 0

01-25-1963
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